We prove a formula for the global gravitational anomaly of the self-dual field theory in the presence of background gauge fields, assuming the results of arXiv:1110.4639. Along the way, we also clarify various points about the self-dual field theory. In particular, we give a general definition of the theta characteristic entering its partition function and settle the issue of its possible metric dependence. We treat the cohomological version of type IIB supergravity as an example of the formalism. We show the apparent existence of a mixed gauge-gravitational global anomaly, occurring when the B-field and Ramond-Ramond 2-form gauge fields have non-trivial Wilson lines, and suggest a way in which it could cancel. 1
Introduction
Global gravitational anomalies [1, 2] detect anomalous phases that the partition function of a chiral quantum field theory can pick under large diffeomorphisms. For a quantum field theory supposed to describe the low energy limit of a quantum theory of gravity, such anomalous phases signal a fundamental inconsistency. Global gravitational anomaly cancellation, as a generalization of the well known local anomaly cancellation, provides non-trivial constraints on quantum field theories appearing in various effective descriptions of string theory or M-theory. For the conformal field theories on the string worldsheet, it takes the form of the familiar modular invariance constraint.
While the global gravitational anomalies of chiral fermionic field theories were understood a long time ago [1] , a formula for the global anomaly of the self-dual field theory on generic manifolds was derived only recently [3, 4] . A self-dual 2ℓ-form field on a 4ℓ`2-dimensional manifold can be naturally sourced by a 2ℓ`1-form abelian gauge field. The derivation of [3, 4] assumes that this background gauge field vanishes. While consistency requires its field strength to vanish, it can have non-trivial Wilson lines and torsion fluxes. The aim of this paper is to investigate how these non-trivial backgrounds affect the global anomaly and to find a general formula for the latter. The formula studied here was already sketched roughly in Section 4.4 of [4] .
The derivation in [3, 4] was not completely rigorous. Several consistency checks of the proposed anomaly formula were presented, one of them being the cancellation of global gravitational anomalies in the cohomological version of type IIB supergravity (see Section 5) . In this paper, we propose a general formula and we show rigorously that under the assumption that the formula conjectured in [4] is correct, then the general formula holds. The assumption and its validity are discussed in detail in Section 4.1. The derivation of a formula valid in any background is a necessary step toward systematic checks of global gravitational anomaly cancellation in string theory, M-theory and supergravity. In [5] , we show that the formula derived here implies the cancellation of global gauge and gravitational anomalies for the worldvolume theory of chiral five-branes, when the anomaly inflow from the bulk is taken into account.
Apart from the anomaly formula, the main outcome of our investigation is the clarification of several puzzles in the literature on the self-dual field theory. The partition function of the self-dual field involves a theta function whose characteristicη has to be specified. Let M be the manifold of dimension 4ℓ`2 on which the self-dual field is defined. The relevant theta function is essentially a Siegel theta function defined on the Kähler space H 2ℓ`1 pM, Rq, with the symplectic and complex structures given by the wedge product pairing and the Hodge star operator. H 2ℓ`1 pM, Rq should be seen here as the space of Wilson lines of the background abelian 2ℓ`1-form gauge field. The theta characteristic is an element of H 2ℓ`1 pM, Rq, modulo the lattice Λ of classes with integral periods. It was shown in [3] thatη could essentially be identified with the torsion component of the integral first Chern class of the anomaly line bundle of the self-dual field theory, implying thatη can take only discrete values:η P 1 2 Λ. In [6] , the theta characteristic was determined by integrating a characteristic form on a manifold W bounded by MˆS 1 . As the integral takes place on a manifold with boundary, such a prescription does not ensure thatη P 1 2 Λ, or even that it is independent on the boundary data. It was indeed argued in [7, 8] that the characteristic should depend continuously on the background metric.
In [9] a different prescription was used to determineη, this time using the integral of a characteristic class on W . While this formulation obviously produces an element of 1 2 Λ, its compatibility with the previous prescription was not clear for the reasons mentioned above. Other works like [10, 3] took an agnostic viewpoint and left this parameter unspecified.
The theta characteristicη governs the global anomaly of the self-dual field theory with respect to the large gauge transformations of the background gauge field. Therefore our general global anomaly formula, when appropriately specialized, provides a formula forη, which turns out to be closely to [6] : it coincides with the adiabatic limit of the formula of [6] . We show that the puzzles mentioned above disappear:η indeed belongs to 1 2 Λ and it is metric independent. These properties follow essentially from the fact that the background gauge field, as a source of the self-dual field, has to be exact, and is trivialized by the latter. We also show how to recover a torsion anomaly analogous to the Freed-Witten anomaly, originally discovered in the formalism of [9] , and how it can be canceled by torsion fluxes.
Another outcome is the clarification of technical details concerning the computation of mixed gauge-gravitational global anomalies. Mixed gauge-gravitational anomalies are associated to loops in the quotient F " B{G, where B is the space of background metrics and gauge fields, and G is the group of diffeomorphisms and gauge transformations. A loop c Ă F determines an equivalence class of metric and gauge field on each fiber of a mapping torus M Ñ M c Ñ S 1 . The global anomaly is essentially given by the evaluation on M c of a Chern-Simons functional depending on a metric and a gauge field on M c . One therefore has to extend both the metric and the gauge field from the fibers of M c to M c itself. Doing this requires picking a specific gauge, or equivalently lifting the loop c Ă F to a path p Ă B (Lemma 3.2). A priori, it is far from clear that the Chern-Simons functional is independent of this choice of lift. Proposition 3.6 shows that this is in fact the case. We focus here on the Chern-Simons functional associated with the self-dual field, but this type of arguments should generalize to other chiral theories.
As an example, we apply our formalism to the cohomological version of type IIB supergravity, namely the one in which the fluxes of the Ramond-Ramond gauge fields are classified by integral cohomology. This is a chiral theory in dimension 10 containing a self-dual field, whose global anomalies have not been completely studied. We find that while the pure global gravitational anomaly cancel, as was already noted in [4] , an apparent mixed gauge-gravitational global anomaly is present. This is in fact not surprising, as it is a direct extension of the pure global gauge anomaly which was implicitly present in the original treatment of [6] . We offer a picture of how this anomaly should be canceled, but a missing mathematical result prevents us from checking the cancellation explicitly.
The paper is organized as follows. In Section 2, we describe the anomaly bundle of the self-dual field theory [3] over the space of metrics and gauge fields modulo diffeomorphisms and gauge transformations. We point out certain crucial properties satisfied by the holonomies of the natural connection defined on the anomaly bundle. In Section 3, we describe a formula for the global anomaly of the self-dual field in an arbitrary background. In Section 4, assuming the results of [4] , we show that it correctly reproduces the holonomies of the anomaly bundle. The example of type IIB supergravity is treated in Section 5. The beginning of each section contains a more detailed summary of their respective contents.
Comments concerning the changes in version 2
The results obtained in the first version of this paper are correct and essentially identical to the ones derived in this second version. However, they were obtained under an overly constraining hypothesis, which is relaxed in this version.
The background gauge field coupling to the self-dual field admits a shifted quantization law, at least on certain auxiliary manifolds used in the computation of the global anomaly. Gauge fields with shifted quantization law can be modeled by shifted differential cocycles, for which several models exist. In version 1 of this paper, we represented the background gauge field with a model for shifted differential cocycles presented in [11] . In this model, shifted differential cocycles are differential cochains trivializing a certain trivial differential cocycle representing the shift. As the background gauge field is itself exact up to torsion and trivialized by the self-dual field, consistency of this picture required the differential cocycle representing the shift to vanish identically. In the concrete case of the M5-brane, this constraint requires the fist Pontryagin form of the tangent plus normal bundle to vanish, as a differential form, which is an extraordinarily strong constraint on the embedding of the M5-brane.
We realized while preparing [5] that this puzzling feature could be avoided with a different model for the space of differential cocycles, presented in [12] . While the two models describe isomorphic groups, their embedding in the space of differential cochains are not equivalent.
As was mentioned, in the first model, exact cocycles can exist only when the shift vanishes identically. In the second model however, they exist whenever the shift has even periods, which is automatically satisfied on the spacetime on which the self-dual field propagates. The second model seems therefore better suited to describe gauge fields with shifted quantization conditions. The use of this model also leads to the simplification of various arguments.
Here is a more detailed list of the changes between the two versions.
• We do not need anymore to impose that the functorial lift of the Wu class vanishes on the spacetime on which the self-dual field propagates, for the reason explained above. In particular, there is no more restriction on the space of metrics on spacetime. In fact we do not even need an explicit functorial lift of the Wu class anymore.
• The definition of a differential cocycle shifted by the Wu class has been adapted to the new model. Section 3.1 and 3.2 of the version 1 have been rewritten and combined into Section 3.1.
• In version 1, we explained in Section 3.9 that the metric dependence of the theta characteristic mentioned in [7, 8] could be recovered by dropping the constraint above. There is no equivalent of this derivation in the model for shifted differential cocycles used in the present version, so we deleted this section. Of course, the metric independence of the theta characteristic remains, as shown in Proposition 4.7.
• The proof of Proposition 3.6 is simpler in the present model.
• As a result of relaxing the constraints on the geometry of the spacetime on which the selfdual field propagates, an adiabatic limit has to be included in Witten's gauge holonomy formula (4.10), describing the holonomies along vertical loops.
• The discussion of the torsion anomaly in Section 3.6 has been expanded and adapted.
2 The anomaly bundle of the self-dual field
We start by reviewing the geometrical picture of anomalies in Section 2.1. We present the model of abelian gauge fields by (shifted) differential cocycles in Section 2.2, which allows us to construct the space of background fields B of the self-dual field theory in Section 2.3. The background fields consist of the Riemannian metric of the underlying manifold M and an abelian gauge field sourcing the self-dual field. The group G of diffeomorphisms and gauge transformations acts on B, as explained in Section 2.4. Section 2.5 shows how modular geometry appears in relation to the intermediate Jacobian of M . Section 2.6 describes the anomaly line bundle of the theory as a pull-back of a theta line bundle. Its connection is constructed in Section 2.7. In Section 2.8, we point out certain properties of the fundamental group of the quotient B{G which will ease the proof of the anomaly formula in Section 4.
The geometric interpretation of anomalies
Let us quickly remind the reader about anomalies and their geometrical interpretation. Anomalies are the breaking of a (global) symmetry of a classical field theory upon quantization. In the classical theory, we can associate to the symmetry a Noether current J, whose divergence vanishes upon imposing the equations of motion. In the quantum theory, the breaking of the global symmetry is characterized by a non-zero expectation value of the correlation functions involving the divergence of J.
In order to compute these correlation functions, and more generally to understand the realization of the global symmetry in the quantum field theory, we can use the background field method. We therefore introduce a background field acting as a source for J. For gravitational anomalies, associated with a breaking of the diffeomorphism symmetry, the current is the energy-momentum tensor and the background field is the metric of the underlying manifold. For gauge anomalies, the current is the gauge current and the background field is a background gauge field.
The partition function Z can be seen as a function over the space B of background fields. The group of local transformations G associated to the global symmetry group acts on B, and the presence of an anomaly translates in the lack of invariance of Z under the action of G. For instance, the expectation value of the divergence of the current can be obtained by computing the variation of the partition function under the action of an infinitesimal local transformation on B. More generally, a lack of invariance under local transformations connected to the identity is associated to a local anomaly, while a lack of invariance under transformations in the other components of G signals a global anomaly. If the symmetry under consideration is to be gauged, then consistency clearly requires the partition function to be invariant under the whole group of local transformations; in other words the local and global anomalies have to vanish.
If Z is not invariant under G, it does not push down to a function over the quotient B{G. However it pushes down in all cases to a section of a line bundle A over B{G, the anomaly line bundle (see for instance [2] for more details). In all cases at hand, A comes equipped with a natural connection ∇ A , and it turns out to be easier to study this connection than the (lack of) invariance of Z. The global anomaly, of interest to us in this paper, is the set of holonomies of ∇ A ; it is precisely the obstruction to the geometric trivialization of A . If it vanishes, Z can be seen as the pull-back of an ordinary function over B{G and is invariant under the action of G.
Our aim will therefore to give a compact formula for these holonomies. In this section, as a preparation to this task, we describe the space of background fields B, the action of the diffeomorphism and gauge symmetries on B, the anomaly line bundle A and its natural connection.
Abelian gauge fields as differential cocycles
We now briefly recall how abelian p-form gauge fields can be modeled by shifted differential cocycles [12, 13] . Let M be a compact orientable manifold. C p pM ; Ãq will denote the space of Ã-valued cochains of degree p for Ã " , Ê or Ê{ and Z p pM ; Ãq the corresponding space of cocycles. Let Ω p pM q be the space of smooth real-valued differential forms of degree p on M . A shifted degree p differential cochain is a tripleť
The component f and F are called respectively the characteristic class and the curvature of the differential cochain. Given c P Z p pM ; Ê{ q,Ǎ belongs to the groupČ p c pM q of shifted differential cochains shifted by c if f " c modulo 1. Unshifted differential cochains are the cochains shifted by c " 0, for which f P C p pM ; q. We define a differential onČ
where we see F as a real-valued cochain, obtained via integration of F over p-chains, in the expression F´f´dh. In (2.2), we abuse the notation by using d to denote the differential on cochains, on differential forms and on differential cochains.Ž p c pM q " ker d|Čp c pM q is the space of differential cocycles shifted by c. We define two shifted differential cocycles to be gauge equivalent if they differ by the differential of an unshifted cochain with vanishing curvature:
for a P C p´2 pM ; q and b P C p´3 pM ; Êq. We writeǦ p for the group generated by these transformations up to equivalence. Remark thatǦ p contains non-trivial micro gauge transformations [11] , which act like the identity onŽ p c pM q. Those are given by differential cochainsB with g representing an integral torsion cocycle and´j " dg a real cocycle trivializing g as a real cocycle. These micro gauge transformations will play an important role in the following (see Section 3.6). One can get a more natural and elegant picture by seeingŽ p c pM q andǦ p respectively as the objects and arrows of a groupoid, but this point of view will not be required in what follows. 
The differential cohomology classes in Ω p´1 pM q{Ω p´1 pM q ĂȞ p 0 pM q are said to be topologically trivial. Such classes always admit representative cocycles of the form p0, h A , dAq, where A P Ω p´1 pM q and h A is the real p-cocycle associated to A via integration over pp´1q-cycles.Ȟ p c pM q is a torsor onȞ p 0 pM q. From now on, we will writeŽ p pM q andȞ p pM q instead ofŽ p 0 pM q anď H p 0 pM q for the groups of unshifted differential cocycles and cohomology classes.
Abelian p-form gauge fields with ordinary flux quantization laws can be modeled by unshifted differential cocycles of degree p`1. GivenǍ " pf, h, F q PŽ p`1 pM q, we see the curvature F as the field strength of the abelian gauge field. χ :" exp 2πih : Z p pM q Ñ U p1q is a smooth differential character [14] . It associates an element of U p1q to each smooth p-dimensional cycle σ Ă M , with the property that if σ " Bσ 1 , χpσq " exp 2πi ş σ 1 F . Physically, χ encodes the Wilson lines of the gauge field around the p-cycles of M . f is a refinement to integral cohomology of the de Rahm cohomology class of F , encoding extra information only on manifolds displaying torsion cohomology. We refer the reader to [13] for a more detailed and pedagogical exposition of these facts.
Shifted differential cocycles naturally occur when the fluxes of the gauge fieldǍ satisfy a shifted quantization law, like for instance the C-field of M-theory [15] . Indeed, assume temporarily that M is 11-dimensional and let p 1 pM q an integral valued cocycle representing the first Pontryagin class of M . As M is spin, p 1 pM q can be taken to have even periods and c :" 
The space of background fields
The self-dual field displays gravitational anomalies only in dimensions 4ℓ`2 [16] , so we take M to be a compact orientable manifold of dimension 4ℓ`2. Such a manifold can support a selfdual 2ℓ-form unshifted gauge fieldŤ " pu, t, U q, whose field strength U satisfies the self-duality condition U " i˚U .
The self-dual field will be sourced by a (non self-dual) unshifted abelian 2ℓ`1-form gauge fieldǍ PŽ 2ℓ`2 pM q [6] . In the case of the self-dual field of type IIB supergravity, this abelian gauge field is a composite of the Ramond and Neveu-Schwarz 2-form gauge fields. In the case of the M5-brane,Ǎ is a certain restriction [5] of the M-theory C-field 3-form gauge field to the worldvolume of the brane. We refer the reader to [6] for a more in-depth discussion of the physics and to Section 5 below for the case of type IIB supergravity. As we will explain later, the background gauge field should be thought of as a differential cocycle shifted by the Wu class, but this shift is trivial in dimension 4ℓ`2 (see Section 3.1). Genuinely shifted cocycles will appear whenǍ will be extended to a manifold of dimension 4ℓ`4.
We will also allow for torsion sources, which are required in order to cancel an anomaly [9, 10] . Recall that the Freed-Witten anomaly [17] on the worldsheet of strings bound to Dbranes requires the characteristic class of the B-field to be a non-vanishing torsion cohomology class on the worldvolume of D-branes which are not Spin c . Although there is no worldsheet picture in our situation, a similar anomaly can plague the self-dual field theory, requiring the characteristic class f of the gauge fieldǍ to be a non-trivial element of H 2ℓ`2 tors pM ; q [9] . We model this fact by adding a fictitious torsion source for the self-dual field, modeled by an unshifted differential cocycleŠ " ps, r, 0q PŽ 2ℓ`2 pM q. Here s is an integral cocycle representing a class in H 2ℓ`2 tors pM ; q. This anomaly will be studied in Section 3.6, where the cohomology class of s will be determined. In equations, we have
Remark that it would not be possible to satisfy these equations ifǍ admitted a non-trivial shift.
We are now ready to describe the space B of background fields for the self-dual field theory, which comprises the metric of M and the 2ℓ`1 abelian gauge fieldǍ " pf, h, F q sourcing the self-dual field. (2.5) implies du " f´s so we can take f " s by using the gauge symmetry of the self-dual field. This implies that F is exact. Moreover, the equations of motion ofǍ impose d : F " 0, so we have in fact F " 0. We can therefore take the degree 2ℓ`1 cocycle h to be a real cocycle h A determined by a closed differential form A via integration over 2ℓ`1-chains. The space of background gauge fields therefore consists of differential cocycles of the form
and is effectively parameterized by Ω 2ℓ`1 closed pM q. In the rest of the paper, we sometimes make a slight abuse of notation and write simply A for h A .
In physics terms, we see that the only possible background gauge field is a flat Wilson line, parameterized by the de Rham cohomology class of A P Ω 2ℓ`1 closed pM q. Let us also remark that possible extra sourcesŠ 1 for the self-dual field have to couple in the same way asǍ does. By redefiningǍ ÑǍ`Š 1 , we are back in the situation described by (2.5), provided dŠ 1 " 0, which we will assume. This situation could occur for instance in the context of the self-dual field on the M5-brane worldvolume, in case open M2-branes end on it [18] .
Let M be the space of Riemannian metrics on M . The full space of background fields is
The action of the group of local transformations
We now proceed to describe the group of local transformations G and its action on B. Let us consider first the subgroup of diffeomorphisms. We need to consider only the subgroup G diff Ă DiffpM q of diffeomorphisms leaving invariant the data and constraints used to define the theory. Therefore we require the elements of G diff to leave the differential cohomology class rŠs PȞ 2ℓ`2 pM q invariant. In case extra sourcesŠ 1 are present, G diff should leave the differential cocycleŠ 1 invariant. We will see in Sections 2.6 and 3.7 (see also [6, 9, 10] ) that an extra piece of data is required in order to define the self-dual field theory, namely a theta characteristic η. The data encoded byη is a symmetric line bundle over the torus H 2ℓ`1 pM ; Êq{Λ, where
Êq is the group of de Rham cohomology classes with integral periods. G diff acts on H 2ℓ`1 pM ; Êq{Λ by pull-backs and we require this action to preserveη as well. The diffeomorphisms outside G diff should be seen as relating self-dual field theories in non-equivalent backgrounds. Non-trivial phases picked by the partition function under such diffeomorphisms are not obstructions to pushing it down to the space of classes of equivalent backgrounds, and therefore are not anomalies.
Let G gauge be the group of gauge transformations ofǍ. Naively, one might identify G gauge with G naive :" Ω 2ℓ`1 pM q, the group of differential forms with integral periods. G naive is the
where H 2ℓ`1 pM, Rq denotes de Rham cohomology classes with integral periods. The exact forms are generating the gauge transformations connected to the identity and the group of connected components H 2ℓ`1 pM, Rq classifies the homotopy types of large gauge transformations.
However, we saw in Section 2.2 that the group of gauge transformations is G gauge "Ǧ 2ℓ`2 . In addition to the transformations above, G gauge also contains the micro gauge transformations and fits in the exact sequence
The projection H 2ℓ`1 pM ; q Ñ H 2ℓ`1 pM ; Êq induces a projection
Each diffeomorphism φ P G diff acts as an automorphism of G gauge by pull-back:B Ñ φ˚B foř
We define the action of pB, φq P G on pA, gq P B by pB, φq.pA, gq Ñ pφ˚A`B, φ˚gq . (2.12)
Here, B P Ω 2ℓ`1 pM q is the image ofB under (2.10). One can check that the action of the diffeomorphisms on A is consistent with the parameterization (2.6):
where we performed a gauge transformation mapping φ˚pŠq back toŠ. (Such a gauge transformation exists by our hypothesis that rŠs PȞ 2ℓ`2 pM q is invariant under the action of G diff .) The quotient F :" B{G is the space of background fields modulo gauge transformations and diffeomorphisms. We write π F : B Ñ F for the associated projection. F is in general singular. For instance if a metric g admits a group G g of isometries satisfying the conditions above, p0, gq is a fixed point of G g . By a line bundle over F, we will always understand a G-equivariant smooth line bundle over B. This definition will allow us to bypass the subtleties associated with the singularities of F. We will also find it useful in the following to consider the quotient E " pMˆBq{G, where G diff and G gauge act respectively by diffeomorphisms and trivially on M . Away from the singularities of F, E is a fiber bundle over F whose fibers are diffeomorphic to
MˆB admits a canonical horizontal distribution, given by the kernel of the tangent map of the projection on M . This distribution pushes down to a distinguished horizontal distribution in the bundle E Ñ F.
Having described the space of background fields, we proceed to construct the anomaly bundle of the self-dual field theory, which is a line bundle over F. To this end, we need a few extra constructions.
Relation to modular geometry
Consider B as a trivial fiber bundle over M. Remark that the vertical tangent space at any point is isomorphic to Ω 2ℓ`1 closed pM q. A metric g P M determines a Hodge star operator, which squares tó 1 on Ω 2ℓ`1 closed pM q. The vertical tangent space of B Ñ M also carries an antisymmetric bilinear form, given by the wedge product pairing on Ω 2ℓ`1 pM q. The Hodge star operator restricts to a complex structure on the space of harmonic forms H 2ℓ`1 pM ; Êq Ă Ω 2ℓ`1 pM q, and the wedge product pairing restricts to a symplectic form. By the Hodge theorem they induce analogous structures on the cohomology group H 2ℓ`1 pM ; Êq. Let 2n be the dimension of H 2ℓ`1 pM ; Êq.
The complex structure on H 2ℓ`1 pM ; Êq induced by the metric can be parameterized relative to a given Darboux basis by a complex symmetric nˆn matrix τ with a positive definite imaginary part (see Section 3.1. of [4] for more details). We write C for the space of such matrices. As a subspace of a vector space over , C carries a complex structure. As the Hodge star operator was obtained from the metric on M , this defines a map π M : M Ñ C. Combining it with the projection on de Rahm cohomology π dR : Ω 2ℓ`1 closed pM q Ñ H 2ℓ`1 pM ; Êq, we get a map
As a concrete example, assume that ℓ " 0 and M is a torus. τ is then the modular parameter of the torus and C is the Teichmüller space of the torus, which is the complex upper half-plane. Recall that the Teichmüller space of a torus can be pictured as the space of flat metrics on the torus (of a fixed volume). The map π M sends a metric on the torus to the unique flat metric in its conformal class, up to homeomorphisms isotopic to the identity.
The anomaly line bundle
Siegel theta functions θ η over B 0 are holomorphic functions parameterized by a characteristic η. η can be seen as an element of H 2ℓ`1 pM ; Êq{Λ, where Λ :" H 2ℓ`1 pM ; Êq is the lattice of de Rahm cohomology classes with integral periods. This identification is however not canonical and relies on a Lagrangian decomposition of Λ. The group of symplectic transformations of Λ, Spp2n, q, acts on the characteristics (see Section 3.1 of [4] for explicit formulas). Let Γ η be the subgroup of Spp2n, q leaving fixed η. The theta function transforms equivariantly under the action of the group Λ¸Γ η , hence it can be seen as the pull-back of the section of a holomorphic line bundle
the theta line bundle. Remark that A η is the universal abelian variety over C{Γ η .
The group of diffeomorphisms G diff acts on the space of harmonic 2ℓ`1 forms H 2ℓ`1 pM ; Êq by pull-backs, and this induces an action on the cohomology group H 2ℓ`1 pM ; Êq. This action preserves the symplectic form and the complex structure, but in general changes the Darboux basis. It factorizes through a subgroup Γ diff of Spp2n, q. As the parameterization τ depends on the Darboux basis, there is an action of G diff on C, factorizing as well through Γ diff . In the case of the two dimensional torus, this is the well-known action of the mapping class group SLp2, q on the complex upper half-plane. Let us write G 0 :" Λ¸Γ diff . We obtain from π B a map
As we required that G diff leaves the theta characteristicη invariant, G 0 Ă Λ¸Γη and F 0 is a covering of Aη. The line bundle Cη A can therefore be pulled back, first to F 0 , and then to F. We write Cη for the pulled-back bundle over F.
In [3] (with some refined arguments presented in Appendix A), we showed that the anomaly line bundle A of the self-dual field theory is given by A " Cη .
(2.17)
The connection on the anomaly bundle
Having defined the anomaly bundle A , it remains for us to define the anomaly connection ∇ A . We first describe a natural connection on C η A . C η A is a holomorphic line bundle over A. It carries a natural hermitian structure, which we describe now. Let ta i , b i u n i"1 be Darboux coordinates on H 2ℓ`1 pM ; Êq. In complex structure τ , the holomorphic coordinates are z i " τ ij a j`b i . Let us furthermore write h ij " ippτ´τ q´1q ij . The hermitian structure on C η A is given by
We will call K the Kähler potential. We derive this formula from the theta multiplier in Appendix B. For any holomorphic line bundle, there exists a unique holomorphic connection compatible with a given hermitian structure. We can obtain an explicit formula for ∇ C η A in the trivialization obtained by pulling back C η A to B 0 . In terms of K, it reads: 20) where d and B are the differential and the Dolbeault operator on B 0 . Its curvature can be computed explicitly (see Appendix B) and is given by
The connection described above pulls back to a connection ∇ C η on the line bundle C η Ñ F. The anomaly bundle A is isomorphic to C η , but not as a line bundle with connection. The connection ∇ A on A differs from ∇ C η by a one-form ω pulled back along the map F Ñ M{G diff .
ω can be described in terms of the Cheeger half-torsion of the metric [19] , which is a certain combination of zeta regularized determinants of Laplacians acting on differential forms. The information summarized above about this one-form will be sufficient for our purpose, but the interested reader can find details in [20, 3] .
The curvature of the pullback of ∇ A to B is given by
Remark that with respect to the decomposition of B " Ω 2ℓ`1 closed pM qˆM, R A is diagonal. More precisely we have R A " R Ω`RM , where
is a two-form pulled back from Ω 2ℓ`1 pM q and
is a two-form pulled back from M. This property will be crucial in our arguments below.
Factorization of paths and holonomies
Let I " r0, 1s. Any path p : I Ñ B can be decomposed into a pair of paths, p " pp 1 , p 2 q with
The fact that the curvature R A takes a diagonal form implies that the holonomy of ∇ A along p is the product of the holonomies along p 1 and p 2 . Moreover, independent reparameterizations of p 1 and p 2 do not change the holonomies. Consider now a loop in F. It can be lifted to an open path p in B, which we can decompose as above: p " pp 1 , p 2 q. The condition that p comes from a loop in F reads pp1q " pB, φq¨pp0q for some pB, φq P G. In terms of p 1 and p 2 , the condition reads
(2.25)
We would like to single out two types of loops in F which will be useful to us in the following. We will call a loop vertical if p 2 is a constant loop. Vertical loops are contained in a single fiber of F Ñ M{G diff and φ can be taken to be the identity diffeomorphism. We will call a loop horizontal if it lifts to a path in B of the form
where A P Ω 2ℓ`1 pM q and p 2 is the lift of a loop in M{G diff . The element B P Ω 2ℓ`1 pM q in (2.25) vanishes for horizontal loops. Nevertheless paths lifting horizontal loops are in general not constant along the fibers of F. A horizontal loop with vanishing gauge field is a horizontal loop with A " 0, and is constant along the fibers.
Proof. Let p be a path in B lifting a loop in F, satisfying (2.25). To prove the proposition, we construct an explicit homotopy between p and the composition of the lifts of a horizontal and a vertical loop. Consider the simplex S " tps, tq P r0, 1sˆr0, 1s|s ě tu . (2.27)
Let ρ be a smooth function on the interior of S tending to 0 on the boundary components with s " 1 and t " 0 and to 1 on the boundary component s " t. For instance we can take ρps, tq " logpsq{ logptq. ρ can be continued to a smooth functionρ over S, except for unavoidable discontinuities at p0, 0q and p1, 1q. Consider now the continuous map from S into B given by p S ps, tq " pqps, tq, p 2 psqq, with qps, tq "`1´ρps, tq˘`sφ˚pp 1 p0qq`p1´sqp 1 p0q`tB˘`ρps, tqp 1 psq . (2.28) (2.25) implies that althoughρ is not continuous at p0, 0q and p1, 1q, q and p S are. But
is the lift of a horizontal loop,
is the lift of a vertical loop and p S pt, tq coincides with pptq.
A formula for the holonomies of ∇ A
In this section, we describe a holonomy formula associating to each loop in F an element of U p1q. We start in Section 3.1 by reviewing the Wu class and defining differential cocycles shifted by the Wu class. In Section 3.2, we introduce the adiabatic limit for fiber bundles with base B Ă B and discuss the behavior of characteristic forms associated to the metric in this limit. In Section 3.3, we show how to associate to any loop c in F a mapping torus M c endowed with a metric and a shifted differential cocycle. We then extend this data to a manifold W bounded by the mapping torus in Section 3.4. This allows us to define the holonomy formula in Section 3.5 as the integral of a certain top form on W . We show that the holonomy formula is independent of the arbitrary choices involved in the construction of W and the top form. We show in Section 3.6 that the torsion anomaly identified in [9] is correctly reproduced in this formalism. We also explain in Section 3.7 how to determine the theta characteristicη, which appeared in the construction of the anomaly line bundle in Section 2.6.
Differential cocycles shifted by the Wu class
In this section, X is a manifold of arbitrary dimension d. Recall [21] that the Wu class ν P H ‚ pX; 2 q is a characteristic class which can be expressed in terms of the Stiefel-Whitney classes on X. Writing ν k for its degree k component, the Wu class has the property that
for all x P H d´k pX; 2 q, where Sq is the Steenrod square operation. In particular, ν k " 0 on a manifold of dimension d if k ą d{2, and if d is even,
Under the inclusion 2 Ă Ê{ , any 2 -cocycle representative of ν p determines an element λ P Z p pX; Ê{ q. We say thatŽ p λ pXq is the space of differential cocycles shifted by the Wu class.Ȟ p λ pXq does not depend on the choice of representing cocycle. Remark that ifǍ " pf, h, F q PŽ p λ pXq, then 2F has integral periods. If C is a cycle, ş C 2F is even if xν, rCsy " 0 and odd if xν, rCsy " 1, where the brackets denote the pairing between homology and cohomology. We will call form lifts of the Wu class the closed differential forms with integral periods sharing this property. Similarly, we call integral lifts of the Wu class the classes in H p pX; q reducing modulo 2 to the Wu class. (Assuming that ν is in the image of the reduction modulo 2 map.) If the dimension d of X is even and p " d{2, the compatibility of the wedge product pairing on closed forms and of the cup product pairing on integral cohomology, combined with (3.2), implies that 2F is a characteristic element for the wedge product pairing on the space of forms with integral periods; namely
for any closed form with integral periods G P Ω d{2 pXq. Remark that for manifolds of dimension less than 2p, ν p vanishes. In this case,Ž p λ pXq "Ž p pXq and F has integral periods. From now on, we go back to considering a manifold M of dimension 4ℓ`2. A lift of the Wu class will always mean a lift of the Wu class of degree 2ℓ`2.
The adiabatic limit
Recall that E " pMˆBq{G is a fiber bundle over F whose fibers are diffeomorphic to M . Let B Ă F be a finite-dimensional smooth submanifold. We can restrict E to B and obtain fiber bundle E Ñ B with fiber M . The inclusion of the fiber over the point b P B will always be denoted by i b : M Ñ E, and the image of i b will be written M b . The horizontal distribution in E restricts to a horizontal distribution in E. Any tangent vector in E decomposes uniquely into a horizontal part, belonging to the horizontal distribution, and a vertical part, which is tangent to a fiber. Dually, this induces vertical and horizontal subspaces in Ω ‚ pEq. A horizontal form is the pull-back of a form on B, while a vertical form vanishes when contracted with at least one horizontal vector.
The projection E Ñ B determines a metric on each fiber of E, i.e. a metric g V on the vertical tangent bundle T V E. Pick an arbitrary smooth metric g B on B, and construct the metric
(3.4)
for ǫ P Ê`. The direct sum above refers to the decomposition T E into vertical and horizontal vectors. g E obviously restricts to g V on the vertical tangent bundle. We now consider the adiabatic limit [1] ǫ Ñ 0. In this limit, the size of B diverges. We have Proposition 3.1. Assume g B is flat. Then the characteristic forms constructed from the metric g E are independent of g B in the adiabatic limit.
Proof. Let R V be the curvature of the Levi-Civita connection associated to the vertical metric and let R B be the curvature of the Levi-Civita connection associated to g B . In Section 3.j of [22] , it is shown that the curvature of the Levi-Civita connection of g E has the following asymptopic expansion in the adiabatic limit:
Recall that the Riemannian curvature is a 2-form valued in the endomorphisms of the tangent bundle. In equation (3.5), we pictured R E , R V and R B as matrices of 2-forms, with the two blocks corresponding to the decomposition of T E into vertical and horizontal vectors. A characteristic form depends on R E through the elementary monomials TrpR p E q. If g B is flat as is assumed, then (3.5) makes it clear that TrpR p E q is independent of g B up to terms of order Opǫ 1{2 q.
Loops and mapping tori
Let us specialize the construction of the fiber bundle E of Section 3.2 to the case where the base B is a loop c in F, and call it M c . M c is a fiber bundle over S 1 with fiber M , called the mapping torus associated to c. We pick an arbitrary metric on S 1 and endow M c with the ǫ-dependent metric (3.4), written g c .
Recall that in addition to a metric on M , points in F parameterize a flat differential cocycle of degree 2ℓ`2 on M , modulo the action of G. We would like to construct on M c a differential cocycle that restrict to the corresponding data on each fiber. Lemma 3.2. LetǍ t " ps, h At`r , 0q, t P r0, 1s be a family of differential 2ℓ`2-cocycles on M , and let A t be the associated family 2ℓ`1-forms. Assume thať
where pB, φq P G and dV " φ˚pŠq´Š. Then there is a differential cocycleǍ c PȞ 2ℓ`2 pM c q such that it pǍ c q "Ǎ t .
(3.7)
Proof. WriteB " pg, j, 0q,Š " ps, r, 0q andV " pu, v, 0q. The 1-parameter family h Atr´t pdj`dvq defines a unique degree 2ℓ`1 real cochain h MˆI on MˆI. It pushes down to a cochain h c on M c , which is discontinuous at M 0 » M 1 . The discontinuity is given by
Let a be an integral 2ℓ`2-chain in M c and a 0 its restriction to M 0 . Let f ∆ be the integral 2ℓ`2-cochain on M c taking value ∆hpa 0 q on a. f ∆ is a cocycle. We define f c " f ∆`s P Z 2ℓ`2 pM ; q, where as before, we see s as a cochain on MˆI and push it down to a cochain on M c . Remark that by construction, as h c jumps by ∆h across M 0 , f c`d h c is a smooth cocycle. For definiteness, we assume that the path is parameterized such that it is constant in r0, δs and r1´δ, 1s for a small δ P Ê`. We then define the form F MˆI " dt^B t A t on MˆI, where the 1-parameter family of forms B t A t on M is seen as a single vertical form on MˆI. F MˆI is the pull-back of a unique smooth form F c on M c . The relations df c " 0 , F c´fc´d h c " 0 and dF c " 0 (3.8)
hold, soǍ
is a differential cocycle on M c . Moreover, recalling that i t denotes the inclusion of the fiber over t P S 1 , we obviously have it pǍ c q "Ǎ t .
Corollary 3.3. Given a loop c Ă F lifting to a path p Ă B, we get a one parameter family A t of 2ℓ`1-forms on M , satisfying
10)
where B P Ω 2ℓ`1 pM q. Any lift of B to a differential cocycleB P G gauge determines a differential cocycleǍ c on M c satisfying (3.7).
In conclusion, we can associate with the loop c Ă F a mapping torus M c endowed with a one-parameter family of metrics g c as well as an unshifted differential cocycleǍ c . It should be emphasized that this assignment is not unique. We made arbitrary choices when we picked a path p lifting c to B, when we picked a metric g c on S 1 , and when we lifted B P Ω 2ℓ`1 pM q to a differential cocycleB. Remark that we can seeǍ c as a differential cocycle shifted by the Wu class, because ν 2ℓ`2 vanishes on a 4ℓ`3-dimensional manifold.
Bounded manifold
Assume that there exists a manifold W admitting M c as its boundary. The existence of W depends on the vanishing of a certain cobordism group. For spin manifolds of dimension 3, 7 and 11, relevant for most applications to physics, the corresponding cobordism groups were shown to vanish in [23] (see also [24] for the case of dimension 11). Among the physically relevant self-dual fields, only the one on the string theory and M-theory five-branes can live on manifolds which are non-spin. The corresponding cobordism group is described in [5] , but it is unknown if it vanishes.
We endow W with a 1-parameter family of metrics g W on W , with parameter ǫ, reducing to the metric g c on M c " BW . We will suppress the dependence on ǫ in the notation. We require in addition that there is a neighborhood of M c in W on which g W is the direct product metric.
Let j be the inclusion of M c as the boundary of W . The fact that M c has trivial normal bundle in W implies that the Wu classes ν Mc and ν W of M c and W are related by j˚pν W q " ν Mc " 0. Therefore there is a well-defined restriction map j˚:Ž 2ℓ`2 ν pW q ÑŽ 2ℓ`2 pM c q. We endow W with a shifted differential cocycleǍ W PŽ 2ℓ`2 ν pW q such that j˚Ǎ W "Ǎ c . Again, the existence of this cocycle is linked to the vanishing of certain cobordism groups, which were shown to vanish for spin manifolds of physical relevance in [23] . The corresponding statement for five-branes is still open.
We obtain in this way a manifold W bounded by M c , endowed with a metric and a shifted differential cocycle extending the corresponding structures on M c .
The holonomy formula
We associate to a cycle c Ă F a complex number holpcq of unit modulus, given by
(3.11)
In the formula above, W is as described in Section 3.4. LpT W q is the Hirzebruch genus of the tangent bundle of W , constructed from the Pontryagin forms associated to the metric g W and F W is the curvature of the shifted differential cocycleǍ W . We claim that
where hol A pcq is the holonomy of the anomaly connection ∇ A along the loop c Ă F.
In [4] , we gave strong evidence for (3.12), in the case of loops in F lifting to paths of the form p0, p 2 q P B. (Section 5.1 of [4] lists the reasons why these arguments fall short of a proof.) In Section 4, we will show that if (3.12) holds for such loops, then it holds for all loops in F.
We can interpret (3.11) as the evaluation on M c of a Chern-Simons functional associated to the characteristic form as a characteristic form is not completely clear, see for instance the discussion in the introduction of [12] .) We see therefore that the claim (3.12) identifies A with its natural connection with the corresponding Chern-Simons line bundle (in the sense of [25] ). Such Chern-Simons functionals were studied in [12] as cobordism invariants for families of manifolds. No adiabatic limit is taken in the setting of [12] , however.
Let us recall that several arbitrary choices are involved in the definition of (3.11). In order to define a metric and a differential cocycle on the mapping torus, we first had to pick a path p in B lifting the loop c P F. We then had to pick a metric g S 1 on S 1 to construct the metric g c on M c . Also, the manifold W and the extension of the metric and the differential cocycle on it are not unique. We have to show that hpcq is independent of all those choices. Proposition 3.4. hpcq is independent of the choice of bounded manifold W .
Proof. Consider two manifolds W 1 and W 2 bounded by M c and respectively endowed by shifted differential cocyclesǍ W i " pf i , h W i , F W i q, i " 1, 2, extendingǍ c . LetW 2 be W 2 with its orientation reversed. Then we can glue W 1 toW 2 smoothly along their common boundary M c to obtain a closed manifold W . The metric on W determines Pontryagin forms, from which we obtain the Hirzebruch genus LpT W q. Moreover, the differential cocyclesǍ W 1 andǍ W 2 glue smoothly at the boundary, yielding a differential cocycleǍ W " pf W , h W , F W q on W . We have
To complete the proof of the proposition, we have to show that the left-hand side is an integer.
To this end, recall that 2F W is a characteristic element for the wedge product pairing modulo 2, i.e. it satisfies (3.3). Given a lattice with an integral unimodular pairing, the norm square of a characteristic element is always equal to the signature of the pairing modulo 8 (see for instance Theorem 2.8 of [26] for a more general statement including non-unimodular pairings). The wedge product pairing on a closed manifold is unimodular, and the integral of the Hirzebruch genus over W gives precisely the signature of the wedge product pairing. In consequence, the left-hand side of (3.13) is an integer indeed. Proposition 3.5. hpcq is independent of the metric g S 1 involved in the construction of g c .
Proof. Let us see g c as a function of g S 1 . By making some definite choice of extension, we can see g W as a function of g S 1 as well. F W is independent of g W . The Hirzebruch genus LpT W q is expressible in terms of the Pontryagin forms of T W . As these forms are closed and vary by exact forms when g W is modified, the integral in (3.11) can depend on g W only through its boundary values, g c . But Proposition 3.1 shows that the characteristic forms of T M c are independent of g S 1 in the adiabatic limit ǫ Ñ 0. Proposition 3.6. hpcq is independent of the path lift p.
Proof. Consider two paths p 0 and p 1 in B such that π F pp 0 ptqq " π F pp 1 ptqq " cptq. Together with a choice of metric on S 1 , these two paths define metrics and differential cocycles on two copies of the mapping torus M c . We see these two copies as the two boundary components of W " M cˆI , I " r0, 1s. In order to prove the proposition, we will extend the metric and the differential cocycle from BW to W and show that (3.11) evaluated on this data yields an integer. A simple gluing argument then shows that this integer is nothing but the difference between logarithms of the holonomies computed from p 0 and p 1 , thereby showing that the holonomies coincide.
Let p s , s P I be a smooth family of paths in B interpolating between p 0 and p 1 and satisfying as well π F pp s ptqq " cptq. p s defines a two-parameter family of metrics and differential cocycles pǍ t,s , g t,s q on the fibers of W Ñ S 1ˆI . We pick a metric g S 1 on S 1 and the Euclidean metric g I on I to construct the metric g W " g t,s ' pg c ' g I q{ǫ on W .
Let us write M c,s for the slice M cˆt su Ă W , with its induced metric. Similarly, let M t,s " Mˆttuˆtsu. As H 4ℓ`4 pW ; Êq " 0, the top component of the Hirzebruch genus is exact, LpT W q " dK. Moreover, the metrics on M c,0 and M c,1 are related by a diffeomorphism φ. This implies we can take K such that K| M c,1 " φ˚K| M c,0 , so the boundary contribution to the integral of the Hirzebruch genus in (3.11) cancel. We can follow the same logic as in Section 3.3 and construct a differential cocycleǍ W " pf W , h W , F W q on W out of the two parameter family of differential cocyclesǍ t,s . What remains to be computed is the integral over W of F 2 W . For this purpose however, it is simpler to cut open the mapping tori in W and defineW " MˆIˆI. The mapW Ñ W allows us to pull-backǍ W to a differential cocycleǍW " p0, A t,s , FW q.
We now compute the integral of F 2
W
. FW (written henceforth F ) vanishes when restricted to a fiber: F | Mt,s " 0. We can therefore write F " dt^ds^F ts`d t^F t`d s^F s , where F ts , F t and F s are closed vertical forms of degree 2ℓ, 2ℓ`1 and 2ℓ`1 on W , respectively. We can rewrite
is exact, because A changes by a gauge transformation along s. This implies that şW F 2 vanishes.
The torsion anomaly
There is still a rather subtle way in which (3.11) might be ill-defined. Recall that in Corollary 3.3, we had to lift the element B P Ω 2ℓ`1 pM q determined by the path lift of c to a differential cocycleB, in order to construct the differential cocycleǍ c on the mapping torus. There is no unique way to do this. In fact, the ambiguity is parameterized by H 2ℓ`1 tors pM ; q, for reasons discussed in Section 2.4. We have to make sure that hpcq is independent of the choice of lift. It turns out that this is not necessarily the case, and that the obstruction coincides with the torsion anomaly identified in [9, 10] .
To investigate the dependence on the choice of lift of B, we study (3.11) on constant loops. Therefore assume that c lifts to a constant path in B. M c is then a trivial mapping torus, isometric to MˆS 1 . In order to construct the differential cocycleǍ c on M c , according to Corollary 3.3 we have to pick a differential cocycleB lifting B " 0 P Ω 2ℓ`1 pM q. A generic lift has the formB " pu, v, 0q, where u P Z 2ℓ`1 pM ; q represents a class in H 2ℓ`1 tors pM ; q and v is a real cochain such that u "´dv. Corollary 3.3 produces a cocycleǍ c on M c . We extendǍ c to a shifted differential cocycleǍ W " pf W , h W , F W q on W . In general, the curvature
where D 2 denotes a disk. We glue W to W 0 with its orientation reversed to obtain a closed manifold W C :" W ∪W 0 . The Wu class of degree 2ℓ`2 vanishes on W C , so we can pick an integral lift λ C P H 2ℓ`2 pW C ; q of the Wu class such that λ C |W 0 " 0. λ :" λ C | W P H 2ℓ`2 pW, M c ; q is an integral lift of the Wu class of W . Importantly for what follows, not all integral lifts of the Wu class on W can be obtained in this way; this is the reason for the construction above. 2f W is an integral cocycle, so let us pickf W P H 2ℓ`2 pW ; q such that 2f
Recalling that s is the torsion characteristic class ofǍ on M , let us write exp 2πia s,u for (3.11) evaluated with the data above. We see that
where σ is the signature of the pairing on the relative cohomology H 2ℓ`2 pW, M c ; Êq. We used the fact that F W | Mc " 0 to reexpress its integral over W as the pairing of the corresponding cohomology class with the fundamental homology class of pW, BW q, which we still write as an integral. Our aim will be now to compute more explicitly a s,u . The Atiyah-Patodi-Singer theorem [27] states that η :" ş W LpT W q´σ is the eta invariant of the signature Dirac operator on M c . It is easy to check that η vanishes by applying again the Atiyah-Patodi-Singer theorem on W 1 " MˆD 2 with a direct product metric extending the metric on M c " MˆS 1 . The first term in (3.16) is therefore zero.
We need more background to understand the last two terms of (3.16). Most of the following material can be found in [26] . Recall that for X " H or BW , we have short exact sequences
H p free pW, X; q coincides with the lattice in H p pW, X; Êq consisting of classes with integral periods. The relative cohomology groups themselves fit in a long exact sequence of cohomology groups
This long exact sequence induces analogous long sequences for the torsion and free cohomology groups, which are however not exact. We will call ι t , ρ t , ι f and ρ f the analogues of ι and ρ for the torsion and free cohomology groups, respectively. Consider the finite group G " kerρ f {imgι f . The cup product pairing modulo 1 on G is a symmetric non-degenerate pairing, which we will write L G . By the definition of the Wu class, λ is a characteristic element for the cup product pairing on H 2ℓ`2 pW, BW ; q, i.e.
for all w P H 2ℓ`2 pW, BW ; q. Theorem 2.4 of [26] shows that
for z P kerρ f is a quadratic refinement of L G , i.e. a Ê{ -valued function on G satisfying
A thorough presentation of the properties of quadratic refinements can be found in [28] . This characterizes the third term of (3.16), which is equal to´q W pf W q.
Given a quadratic refinement q on a finite group G, its Arf invariant is the Ê{ -valued complex argument of the associated Gauss sum:
Theorem 2.8 of [26] shows that the second term in (3.16) coincides with the Arf invariant of q W . We now relate q W to data on BW . If z 1 , z 2 P H 2ℓ`2 pW ; q restrict to torsion classes y 1 and y 2 on BW , then Lemma 3.4 of [26] shows that where t denotes the generator of H 1 pS 1 ; q. L T is non-degenerate and the two summands in (3.26) are Lagrangian. The restriction of a quadratic refinement to an isotropic subspace is linear, so q c pu Y tq is a linear functional on the first summand of (3.26). The linking pairing allows us to identify it with an elements in the second summand. It follows that q c ps`u Y tq is independent of u. Let us compute q c psq. This is especially easy, because s extends to W 0 " MˆD 2 . The Wu class of W 0 vanishes and we can take λ " 0. This implies that q c psq " 0 for all s P H 2ℓ`2 tors pM ; q. We deduce that q c ps`u Y tq " 0 for all u. Computing q c using W 0 is possible thanks to our careful choice for the integral lift of the Wu class λ at the beginning of this section. Indeed, λ extends to a lift λ C on W C " W ∪W 0 , and (3.20) vanishes modulo 1 on W C by an argument similar to the one in the proof of Proposition 3.4.
Finally, we can compute the Arf invariant of q c : 27) so Arfpq c q " 0. On the first line, we sum on s P H 2ℓ`2 tors pM ; q and u P H 2ℓ`1 tors pM ; q. We use the defining property of the quadratic refinement and the fact that q c psq " 0 to the second line. Then we notice that ř s exp 2πiL M ps, u Y tq vanishes unless u " 0, in which case it is equal to 1.
We summarize the results of this section into the following proposition. for q c a quadratic refinement of the linking pairing of MˆS 1 . There exists a uniques P H 2ℓ`2 tors pM ; q such that hpcq " 1 for all u P H 2ℓ`1 tors pM ; q.
This means the anomaly is absent if we pick the background gauge field to have torsion characteristics on M . For any other value of s, there is a u such that hpcq "´1 for c a trivial loop, and (3.11) is ill-defined. As we will see in the next section, (3.11) determines the theta characteristicη required in Section 2.6 for the construction of the anomaly line bundle. So if s ‰s, we do not know how to define the anomaly line bundle. It seems therefore reasonable to consider s "s as a consistency condition to be imposed in the background. We will always assume that this is the case in the following, and therefore that (3.11) is well-defined.
The physical theta characteristic
In this section, we will define the theta characteristicη appearing in the definition of the anomaly line bundle in Section 2.6. Recall that holomorphic line bundles over a complex torus with a given first Chern class are classified by their theta characteristic η. η can be seen as a point in the (dual) torus, i.e. a vector in the universal covering of the torus modulo an integral vector. In our case, the fibers of F are of the form Ω 2ℓ`1 closed pM q{Ω 2ℓ`1 pM q and are trivially fibered over the complex torus H 2ℓ`1 pM q{H 2ℓ`1 pM q, the quotient of the space of harmonic 2ℓ`1-forms on M by the lattice of harmonic forms with integral periods. We write Λ :" H 2ℓ`1 pM q in the following. The complex structure is provided by the Hodge star operator, and the curvature of the line bundle over the torus is R Ω as defined in Section 2.7. The theta characteristic encodes the holonomies of the holomorphic connection on the line bundle along a basis of straight loops in the torus. In our case, these straight loops are a special class of vertical loops, lifting to paths in B of the form
where g is a fixed metric and A P Λ. Consider now three elements of Λ satisfying A 1`A2 " A 3 , the associated paths p i Ă B and the loops c i P F they cover. We have 30) where ∆ 123 is the triangle defined by the three vectors. Define the function qpAq "´1 2πi ln hol A pcq,
where A P Λ and c is the associated loop in F.
Recall that quadratic refinement are Ê{ -valued functions on an abelian group satisfying (3.21). We will call refinements Ê{ -valued functions satisfying only the first equation of (3.21). (3.30) tells us that q is a refinement of half the wedge product pairing on Λ:
Refinements of L^pA 1 , A 2 q can be parameterized by theta characteristics as follows. Fix a Lagrangian decomposition Λ " Λ`' Λ´with respect to the wedge product pairing, and write A`and A´for the components of A on Λ`and Λ´. Any refinement can be expressed as
A`^A´`η^A˙(3.32) for a certain η P H 2ℓ`1 pM q{Λ. We will show in Proposition 4.5 that hpcq satisfies as well the relation (3.30). Therefore, we would like to defineη to be such that
Before doing so, there is an important point to check. The construction of Section 2.6 is possible only ifη is half-integral, i.e.η P 1 2 Λ{Λ. Indeed, only for suchη can we interpret the theta function θη as the pull-back to B 0 of the section of a holomorphic line bundle over A. This half-integrality property will be shown in Proposition 4.7, and it is therefore consistent to defineη by (3.33). We will also show that q satisfies the second equation of (3.21), so it is in fact a quadratic refinement.
Of course, the definition ofη above immediately implies that (3.12) holds for straight vertical loops (see for instance Section 3.1 of [29] ). We will show that it holds for all vertical loops in Section 4.3.
Proof of the anomaly formula
In [4] we gave strong evidence that equation (3.12) , identifying h with the holonomy function of the anomaly line bundle, holds for background field configurations with vanishing (form) gauge field, corresponding to loops contained in the A " 0 section of F. The aim of this section is to show that under the assumption that (3.12) indeed holds for this class of loops, then (3.12) holds for all loops in F.
In Section 4.1, we consider horizontal loops with vanishing gauge field, discuss the arguments of [4] and introduce our assumption. In Section 4.2, we show that (3.12) holds for contractible loops, which amounts to checking that the curvatures of ∇ A and of the Chern-Simons connection defined by (3.11) agree. This allows us to show that if two loops are homotopic and (3.12) holds for one of them, then it holds for the other. In Section 4.3, we turn to vertical loops, whose holonomies describe the gauge global anomaly and show that (3.12) holds for such loops. In Section 4.4, we show that (3.12) holds for generic horizontal loops. We conclude that (3.12) holds for all loops in Section 4.5.
Horizontal loops with vanishing gauge field and an assumption
Consider a loop c Ă F lifting to a path in B " Ω 2ℓ`1 closed pM qˆM of the form p0, p 2 q, i.e. the background gauge field A P Ω 2ℓ`1 closed pM q vanishes over each point of c as a differential form. The gluing constraints (2.25) on the path lift require p 2 p1q " φ˚p 2 p0q for some diffeomorphism φ. In [4] , it was shown that the holonomies along c of ∇ A 4 , the connection on the fourth tensor power of A , are given by the formula
where 2F W is a form lift of the Wu class vanishing on BW . It was then argued that the holonomies of ∇ A along c could be obtained by simply dividing the right-hand side by 4:
but this was not completely proven. (4.2) is obviously equivalent to (3.12) restricted on horizontal loops with vanishing gauge field. We showed in [4] that as a topological line bundle, A 4 admits only two fourth roots, A and A b T , where T is an order 2 torsion line bundle already mentioned in Section 2.6. We can therefore characterize the ambiguity in (4.2) as follows: either (4.2) holds, or (4.2) holds only if the right-hand side is multiplied by a 2 -valued character of the mapping class group of M , describing the holonomies of the flat connection on T . (4.2) not being true would signal a global gravitational anomaly of type IIB supergravity. (4.2) is also required for the cancellation of the five-brane worldvolume anomalies [5] . In the rest of the paper, we will therefore make the following assumption: Given this assumption, we will show that (3.12) holds for all loops in F.
Contractible loops
In this section, we show that (3.12) holds for a contractible loop c. As c is contractible, we can fill it with a 2-dimensional disk D 2 in F. We can lift this disk to a disk in B. The lift determines a metric g x on the fiber M x of W " MˆD 2 above x P D 2 . We pick a flat metric g D 2 on D 2 and construct the metric g W " g x ' g D 2 {ǫ. The construction of Section 3.3 also determines a differential cocycleǍ W " pf W , h W , F W q from the embedding D 2 Ă B N . Proposition 4.2. (3.12) holds when c is a contractible loop.
Proof. We can reexpress the holonomy of the connection ∇ A around c as the integral of its curvature R A over the disk bounded by c. We therefore would like to prove:
Recall that in Section 2.7, we showed that R A pulls back to R Ω`RM on B " Ω 2ℓ`1 closed pM qˆM, where R Ω is the pullback of a two-form on Ω 2ℓ`1 closed pM q and R M is the pull-back of a two-form on M. Let us write D for the determinant line bundle of the signature operator, seen as a line bundle over M. We showed in [20] that R M is one-fourth of the curvature R D´1 of the Bismut-Freed connection on D´1. Given the setup above, we have
where p.q p2q denotes the 2-form component. In consequence, we see that the term
in (3.11) is exactly the integral of 1 2πi R M over the 2-dimensional disk D 2 . What remains to be shown is that the second term on the left-hand side of (4.3) is the integral of 1 2πi R Ω on D 2 . As c is homotopically trivial, the curvature F c ofǍ c on M c " MˆS 1 is exact and we can take F W to be exact: Proof. Any homotopy between c and c 1 defines a cylinder C Ă F. We can see this cylinder as a square IˆI, with the identification p0, sq » p1, sq, and c 1 ptq " pt, 1q, cptq " pt, 0q. Let c 2 be the loop defined by the boundary of the square. It is clear that
because the holonomies of ∇ A along the paths tp0, squ| sPI and tp1, squ| sPI cancel. As c and c 1 are homotopic, the associated mapping tori M c and M c 1 are diffeomorphic, so we have a fiber bundle M cc 1 " M cˆI Ñ C with fiber M . Assume hpcq and hpc 1 q are computed from (3.11) using manifolds W and W 1 bounded by M c and M c 1 . Then we can glueW and W 1 to M cc 1 to obtain a closed manifold Z. As we have shown in Proposition 3.4 that the right-hand side of (3.11) is an integer on any closed manifold, we obtain the relation
As c 2 is a contractible loop, we know that holp∇ A , c 2 q " hpc 2 q. Combining this fact with the hypothesis hpcq " holp∇ A , cq, we immediately deduce from (4.7) and (4.8) that
Vertical loops
Recall that vertical loops in F are loops along which the equivalence class of the metric is constant. The holonomies of ∇ A along vertical loops therefore represent pure gauge anomalies. We start by showing that the formula (3.11) for hpcq simplifies when c is a vertical loop. We recover in (4.10) a formula of Witten [6] for the global gauge anomalies, up to the fact that an adiabatic limit has to be taken. The presence of the adiabatic limit is natural, because without it the global gauge anomalies would depend on an unphysical choice of a metric on S 1 (see Section 3.3 and Proposition 3.5). Consider a vertical loop c in the space of background fields F and assume the usual construction leading to (3.11) has been carried out. Assume that there is a natural form lift λ W of the Wu class given by a characteristic form. For instance, if we are working in the category of spin manifolds as in [6] , λ W can be taken to be half the first Pontryagin form of W . (4.10)
Proof. The difference between (3.11) and (4.10) reads We can take W 1 " MˆD 2 , with a constant metric along the fibers and a metric on the disk which is a direct product in a neighborhood N » MˆS 1ˆr 0, 1r of the boundary. Then over N , both LpT W 1 q and λ 2 W 1 are pull-back from the boundary and therefore vanish. They define trivial classes in the relative de Rham cohomology of W 1 and their integral over W 1 is therefore zero.
We now focus on straight vertical loops, which are loops in F lifting to paths of the form ptA, g 0 q P B, with A an element of the lattice Λ of harmonic forms with integral periods. Recall that in (3.33), we defined the theta characteristicη from hpcq. For the consistency of the construction of the anomaly line bundle A in Section 2.6, we needη to be an element of 1 2 Λ{Λ. We will show this in Proposition 4.7, using the following two propositions.
Proposition 4.5. Let A 1 , A 2 P Λ be the harmonic forms associated to two straight vertical loops c 1 , c 2 Ă F over g 0 . Let c 3 be the straight vertical loop associated to A 1`A2 , and ∆ 123 Ă F the triangle determined by c 1 , c 2 and c 3 . We have
(4.12)
Proof. The composition c of c 1 , c 2 and c´1 3 (i.e. c 3 with its orientation reversed) is a contractible loop in F. By Proposition (4.2), 13) where the second equality comes from the definition (2.23) of R Ω . This proves the proposition.
To simplify the notations, write qpcq "´1 2πi ln hpcq P Ê{ .
Proposition 4.6. Let c be a straight vertical loop and nc its nth cover. Then qpncq " n 2 qpcq mod 1 . (4.14)
Proof. Let p " ptA, g 0 q the path lifting c. (4.15)
In order to compute qpncq we can use the path p n " pntA, g 0 q. Repeating the steps above, we find is an integer as well, the proposition is proven. Propositions 4.5 and 4.6 show that the restriction of h to straight vertical loops is a quadratic refinement of the wedge product pairing modulo 2 on Λ (see Section 3.6 and [26, 28] ). We immediately deduce Proposition 4.7. If c is a straight vertical loop, hpcq "˘1.
Proof. In terms of q, Proposition 4.5 asserts that
Using this formula with A 1 " A 2 " A and Proposition 4.6, we find that 19) which proves the proposition.
Finally, we examine the validity of (3.12), when c is a generic vertical loop. 
Generic horizontal loops
Let us now consider a generic horizontal loop c lifting to a path of the form pptq "`tφ˚pAq`p1´tqA, p 2 ptq˘. Proof. c trivially retracts to a loop with vanishing gauge fields. An explicit homotopy is given by ppt, sq "`p1´sqtφ˚pAq`p1´sqp1´tqA, p 2 ptq˘. 
Generic loops
Finally, we can consider a generic loop c Ă F. Proposition 2.1 shows that c is homotopic to the composition of a horizontal loop c h with a vertical one c v . Propositions 4.9 and 4.8 show that (3.11) computes the holonomy of ∇ A along c h and c v , respectively, hence along their composition. Proposition 4.3 then allows us to deduce that (3.11) also computes the holonomy of ∇ A along c. We therefore obtain the main result of this paper: 
Type IIB supergravity
As an example, we now apply these results to cohomological type IIB supergravity. By cohomological, we mean the version of the theory in which the Ramond-Ramond charges and fluxes are classified by the integral cohomology of the underlying manifold. As was shown in [30, 31, 32] , the low energy limit of the type II string theories are actually the K-theoretical type II supergravities, in which the topological configurations of the Ramond-Ramond gauge fields are classified by the K-theory of spacetime. In order to check the cancellation of global gravitational anomalies in the K-theoretical version of the theory, one would have to extend our results to self-dual fields valued in twisted differential K-theory (see for instance [33, 34] ). This is outside the scope of the present paper, and we focus on the cohomological version of the theory here.
In [4] , we checked the cancellation of global gravitational anomalies in cohomological type IIB supergravity. We now use Theorem 4.10 to study mixed gauge-gravitational anomalies.
Setup
Type IIB supergravity is a 10-dimensional theory containing among other fields p-form RamondRamond gauge fields, for p " 0, 2, 4. We will model them by differential cocycles of degree 1, 3 and 5 writtenČ 0 ,Č 2 andČ 4 , with field strengths G 1 , G 3 and G 5 . The 4-form gauge fieldČ 4 is self-dual. We can therefore apply our formalism with ℓ " 2.
As the theory contains fermions, all the manifolds we will consider belong to the category of spin manifolds. The Wu class of degree 6 vanishes on spin manifolds. This can be seen from its expression in terms of Stiefel-Whitney classes: 
. In this setting,Ǎ is simply the source current for the Ramond-Ramond fields [34] , and satisfies indeed the consistency condition d HǍ " 0. We will however not pursue this further here.) Let M be the space of Riemannian metrics on M . Then the space of background fields is B " Ω 5 closed pM qˆM. The group G of local transformations is constructed exactly as in Section (2.4) and the space of background fields modulo equivalence is F " B{G.
Anomaly cancellation
A loop c Ă F determines a metric and a degree 6 differential cocycle on a mapping torus M c with fiber X, as shown in Corollary 3.3. It is always possible to extend this data to a manifold W bounded by M c : the relevant cobordism group was shown to vanish in the Appendix of [24, 23] . The holonomy of the anomaly connection along c is therefore given by
where F W is the field strength of the extensionǍ W of the background gauge field to W , and we wrote A SD for the anomaly line bundle with connection of the self-dual 4-form. We have to multiply hol A SD pcq with the holonomies of the connections on the anomaly line bundles of the chiral fermions of the theory. There are two real dilatini (spin 
where D W is a Dirac operator in dimension 4ℓ`4 related to the chiral Dirac operator in dimension 4ℓ`2 defining the chiral fermionic theory. Writing I 1{2 and I 3{2 for the index densities of the Dirac operators on W associated to the dilatini and the gravitini, respectively, the cancellation of local anomalies in type IIB supergravity [16] shows that´2I 1{2`2 I 3{2`L pT W q " 0. We see therefore that there seems to be a remaining anomaly: (5.5) is generally a mixed gauge-gravitational anomaly. Indeed, the homotopy class of the horizontal component of the loop c determines the topology of the mapping torus M c " BW . It generalizes the global gauge anomaly that was already implicit in the treatment of [6] . In the case of the M5-brane, a similar global anomaly is present, but is canceled by anomaly inflow from the bulk [5] . We now explain the way in which we believe this anomaly will be canceled, although we miss a mathematical result to be able to carry out the computation. In type IIB supergravity and in the presence of the composite background fieldǍ, a term is missing in the fermion global anomaly formula (5.4). Indeed, the fermions do couple to the composite gauge fieldǍ at leading order in the supergravity (pseudo-)action (see for instance [35] , equations (2.4), (2.10) and (2.12)). Accordingly, the chiral Dirac operators are twisted by a Clifford element associated to the 5-form field strength ofǍ. The holonomies of the anomaly connections associated to the chiral fermions are governed by the eta invariants of these twisted Dirac operators, along the lines of [1, 22] . In order to compute the eta invariants from differential geometric data on W , we need an analogue of the Atiyah-Patodi-Singer theorem. Such a theorem has been proven recently in [36] . Unfortunately, the analogues of the index densities I 1{2 and I 3{2 were not determined explicitly. We believe that they will involve F 2 W in such a way that they cancel (5.5) exactly.
In any case, if the mixed global anomaly (5.5) happened not to cancel, it would only be a curiosity without much consequence. The low energy limit of the type IIB superstring is the K-theoretical version of type IIB supergravity, and this is the theory that the consistency of the superstring requires to have vanishing anomalies. We hope to generalize in a future work the results above to self-dual fields taking value in twisted differential K-theory in order to check the cancellation of global anomalies in the K-theoretical version of type IIB supergravity.
A More on the anomaly line bundle
In this appendix, we refine the arguments of [3] to identify unambiguously the anomaly line bundle of the self-dual field theory. In [3] , we showed that the square of the anomaly line bundle A of the self-dual field, as a line bundle over F, coincides with pCηq 2 . This implies that one of the two following equalities holds:
A " Cη or A " Cη b T .
(A.1)
In the second equality, T is an explicit line bundle of order 2.
In [3] , we did not exclude that A could be equal to Cη b T . But there is in fact a simple argument showing why this is not possible. Let us first recall some facts from [3] . There we showed that the partition function over B of a pair of self-dual fields of the same chirality is given by Z 2SD pgq " pθηpτ, A harm2¨p one´loopq .
(A.2)
In the equation above, A harm is the harmonic part of the gauge field A and τ is the period matrix determined from the metric through the Hodge star operator on H 2ℓ`1 pM ; Êq (see Section 2.5).
The second factor is a one-loop determinant, which we could show is non-vanishing and is the section of a trivial line bundle over F. (We were forced to consider a pair of self-dual fields because there does not seem to be a Lagrangian formulation of the theory of a single self-dual field able to reproduce the correct one-loop determinant, determined using other techniques in [10, 20] .)
Clearly, (A.2) implies that A " pCηq 2 , as claimed above. But, at least when the vanishing of the sourceČ ofǍ does not constrain the metric of M , so that M is the space of Riemannian metrics on M , we can deduce more. In this case, B is simply connected (it is in fact contractible), there can be no ambiguity other than a global sign when taking the square root of (A.2) and we necessarily have
The global sign ambiguity is irrelevant. As by definition, θη is the pull-back of a section of Cη, we conclude that
When the vanishingČ imposes non-trivial constraints on the metric, the argument above fails because M is not necessarily contractible. Studying the topology of M can be done only on a case by case basis, which is beyond the scope of this paper. It seems anyway unlikely that the extra constraint on the metric would modify (2.17).
B Derivation of the Kähler potential of the theta line bundle
In this appendix, we derive the Kähler potential (2.19) from the theta transformation formula, i.e. the functional equation satisfied by Siegel theta functions under the action of Spp2n, q on B 0 . The latter reads θ η pzpCτ`Dq´1, γ.τ q " κ η pγq detpCτ`Dq 1{2 exppπiz i ppCτ`DqCq ij z j qθ η pz, τ q ": ξ η pγ, z, τ qθ η pz, τ q . γ.τ is the image of τ under the standard action of Spp2n, q on the Siegel upper half-space C. κ η pγq is a complex number of unit modulus, whose precise definition depends on a choice of square root for detpCτ`Dq 1{2 (see for instance Chapter 8 of [29] ). The theta function can be seen as the section s η θ of a Γ η -equivariant hermitian line bundle L over B 0 . Recall that an equivariant hermitian bundle over B 0 is a hermitian line bundle over B 0 equipped with a lift of the action of G 0 by unitary bundle automorphisms. Given a trivialization of L, we get a family of trivializations indexed by G 0 by acting with the corresponding bundle automorphisms. (B.1) can then be interpreted as a change of trivialization between two trivializations related by the element γ. The factor ξ η pγ, z, τ q is the fiberwise endomorphism relating the two trivializations.
As |ξ η pγ, z, τ q| ‰ 1, we see that the trivialization of L in which the theta section takes its usual holomorphic form is not unitary. We would like here to find an Ê`-valued function f over B 0 describing a change of trivialization to a unitary trivialization of L. In the unitary trivialization, the theta section takes the form s i.e. f trivializes |ξ η |, seen as a group 1-cocycle. Recall that h " ipτ´τ q´1. It is easy to check that and a straightforward computation yields the curvature (2.21).
